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A BETTER BOUND FOR ORDINARY TRIANGLES
QUENTIN DUBROFF*
Abstract. Let P be a finite set of points in the plane. A c-ordinary triangle is a set
of three non-collinear points of P such that each line spanned by the points contains at
most c points of P . We show that if P is not contained in the union of two lines and
|P | is sufficiently large, then it contains an 11-ordinary triangle. This improves upon a
result of Fulek et al., who showed one may take c = 12000.
1. Introduction
Let P be a set of n points in R2. A line which contains two or more points of P
is called a spanned line, and we call a spanned line c-ordinary if it contains at most c
points of P . The Sylvester-Gallai Theorem states that there exists a 2-ordinary line in
any set of non-collinear points. Various proofs of this result have been found, and this
work sparked an expansive literature, for which we refer the interested reader to [6].
Erdős [3] was the first to consider conditions under which one can find a 2-ordinary
triangle in a set of points, that is to say three non-collinear points such that each spanned
line is 2-ordinary. While it is clear that the point set must not be contained in the union
of two lines, each containing at least three points, the following example illustrates that
this is not sufficient [4]: Given a set of points P and a line l not spanned by these points,
add to P the points of intersection between l and each of the lines spanned by P , to get
a new set of points P ′. Any 2-ordinary triangle in P ′ must contain at least two points
from the original point set P , however, each line spanned by P contains a third point on
l. Therefore, there are no 2-ordinary triangles in P ′. In fact, a construction of Füredi
and Palásti [5] shows that one may not always find a 2-ordinary triangle, even under the
restriction that every line is 3-ordinary.
With an interest in studying ordinary conics [2], de Zeeuw asked whether there exists
an integer c such that every set P of points not contained in the union of two lines contains
a c-ordinary triangle, that is, three non-collinear points of P , where each line spanned
by the points is c-ordinary. Fulek, Nassajian Mojarrad, Naszódi, Solymosi, Stich, and
Szedlák [4] answered in the affirmative for n sufficiently large, and showed one may take
c = 12000. We improve this to c = 11.
Theorem 1.1. If P is a finite set of n points in R2 not contained in the union of two
lines, with n larger than 7697, then there exists an 11-ordinary triangle in P .
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It remains open whether one may find 3-ordinary triangles in any set of points not
contained in the union of two lines. Improvement on Theorem 1.1 would follow from
improvements on any of the lemmas used in the paper, none of which are known to be
the best possible. In addition, all of the tools used in the proof of Theorem 1.1 have
suitable analogs in C2, where the proof gives c = 12. Here too it remains open whether
one may take c = 3. More generally, it may even be possible to find k-ordinary k-tuples in
every point set not contained in the union of k− 1 lines. This would be the best possible
due to a straightforward generalization of the construction described above, obtained by
adding to P the points of intersection of the spanned lines of P and k − 2 other lines.
2. Tools
In this section, we introduce a few results that are needed for the proof of Theorem
1.1. These results may be found in [9], which collects several results in combinatorial
geometry that follow from an inequality of Langer [8] in algebraic geometry, stating that
the number of incidences between a set of n points and their spanned lines is at least
n(n+3)
3
, provided that at most 2n
3
points lie on one line. Han [7] observed that this incidence
inequality immediately implies the following improvement of the weak Dirac conjecture.
We include the proof of this lemma, as it will play a role in the proof of Theorem 1.1.
Lemma 2.1. Let P be a set of n points in R2, not all on a line. Then there exists a
point of P that is contained in at least n
3
+ 1 lines spanned by P .
Proof. If more than 2n
3
points of P lie on one line, then any point not on this line will be
contained in more than 2n
3
lines. If not, then the conditions of Langer’s inequality hold,
and the number of incidences between the points of P and the set of lines spanned by P
is at least n(n+3)
3
. By the pigeonhole-principle, some point of P must be contained in at
least n
3
+ 1 lines. 
Next, we introduce de Zeeuw’s [9] improvement on Beck’s [1] theorem of two extremes.
Lemma 2.2. Given a set of n points in R2, at least one of the following is true:
• There is some line containing more than γn points of P , where γ = (6+√3)/9.
• There are at least n2
9
lines spanned by P .
Lastly, de Zeeuw derived the following bound on the number of lines containing more
than k points of a point set. This lemma serves a similar purpose as the Szemerédi-Trotter
Theorem, but gives better constants for small values of k [9].
Lemma 2.3. Let P be a set of n points in R2 with no more than 2n
3
points on a line, and
let L be the set of lines spanned by P . Then the number of lines of L containing more
than k points of P is at most
4
(k − 1)2 |L|.
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3. Proof of Theorem 1.1
In this section we prove Theorem 1.1. Here P is a set of points not contained in the union
of two lines, L = {L1, . . . , Lm} is the set of spanned lines, |Li| = li, and we let λ = 5/2c+1 ,
for c to be determined later. The proof is split into the following two cases:
(1) There exists a line Li ∈ L with li ≥ λn.
(2) Every line contains less than λn points of P .
The proof for the first case follows that of Fulek et al. [4]. Our main contribution is
finding a better argument for the second case.
Consider case (1). The set of points P \ Li is non-collinear by assumption, so there
must be a 2-ordinary line qr by the Sylvester-Gallai Theorem, where qr denotes the line
determined by q and r. Note that qr intersects Li in at most one point. We show that
there are many points on Li which form c-ordinary triangles with qr. We define the set
Pq ⊂ P as
Pq = {p ∈ Li ∩ P : |pq ∩ P | > c},
We define Pr in a similar way. Any point of Pq determines a line of L containing at least
c− 1 points of P \ (Li ∪ {q}), and furthermore, these points are disjoint for each p ∈ Pq,
so we have
(c− 1)|Pq| ≤ n− li,
implying
|Pq| ≤ n− li
c− 1 ≤
li/λ− li
c− 1 =
2(c+ 1)/5− 1
c− 1 li <
2
5
li.
Similarly, |Pr| < 25 li, so there are at least li5 points s ∈ P ∩ Li such that s /∈ Pq ∪ Pr
and s, q, r are non-collinear. Each of these points together with q and r determines a
c-ordinary triangle for P .
Now consider case (2). We will derive an upper bound on c assuming that P does not
contain a c-ordinary triangle. For a point q ∈ P , we define the set Nq ⊂ P as
Nq = {p ∈ P : |qp ∩ P | ≤ c}.
By Lemma 2.1, there exists a point q of P that lies on at least n/3 lines. Let the number
of these lines be denoted by l. Any line incident to q which is not c-ordinary contains
at least c points of P \ {q}, and, as in case (1), these points are disjoint for each line
incident to q, so we find that
|Nq|+ (l − |Nq|)c ≤ n− 1,
that is,
(3.1) |Nq| ≥ cl − n + 1
c− 1 .
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From the conditions of case (2) and for c at least 11, no line contains γ|Nq| points of
Nq, with γ from Lemma 2.2, so by the lemma, Nq must span at least |Nq|2/9 lines. All
of these lines which do not go through q must contain at least c + 1 points of P , or we
will find a c-ordinary triangle. By Lemma 2.3, the number of these lines is at most
4
(c− 1)2 |L|.
At most l of the lines spanned by Nq are incident to q, so
|Nq|2
9
− l ≤ 4
(c− 1)2 |L|,
which implies that
|Nq| ≤ 6
c− 1
√
|L|+ 3
√
l.
Substituting inequality 3.1, we find
cl − n
c− 1 ≤
6
c− 1
√
|L|+ 3
√
l,
and therefore
c ≤ 6
√|L|+ n− 3√l
l − 3√l <
6
√|L|+ n
l − 3√l .
From Lemma 2.1, l ≥ n
3
, so when |L| ≤ n2
6
, we have
c <
3(
√
6 + 1)
1− 3
√
3
n
.
If instead |L| > n2
6
, the number of incidences between P and L is at least 2|L| > n2
3
, so
the argument from the second part of the proof of Lemma 2.1 gives l ≥ 2|L|
n
. Letting
|L| = n2
B2
, for B ∈ [√2,√6), we will have c-ordinary triangles unless
c ≤ 6n/B + n
2n
B2
− 3
√
2n
B
=
6B +B2
2− 3B
√
2
n
<
3(
√
6 + 1)
1− 3
√
3
n
Therefore, for n ≥ 7697, we will find c-ordinary triangles if c ≥ 11.
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